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Introduction and summary

The structure of our Universe is determined by the laws of physics. These laws have two
characteristics: they are written in terms of mathematical equations and they contain
empirical parameters, the so-called constants of nature. This can be illustrated with the
simple example of the gravitational force at the surface of the Earth. The well-known
expression for this force is

Fg = mg . (1.1)

Mathematically this equation tells us that if we drop a body, whether it be a sphere
of lead1 or a molecule under vacuum conditions, from a certain height, the attractive
gravitational force, Fg , experienced by the body is linearly proportional to its mass,
m, while the value of the “coupling” constant g tells us that the body falls with an
acceleration of about 10 m/s2. In this expression, g is treated as a constant, but a careful
analysis of experimental data reveals that g varies across the surface of the earth and
that its assumed constancy is only a first estimate.

The fact that g does not represent a fundamental constant should not come as a
surprise, since Eq. (1.1) is an approximation of Newton’s law of universal gravitation

Fg = GmM
r2 , (1.2)

1This famous experiment of two falling bodies is frequently attributed to Galileo Galilei but was actually
first reported by the Flemish scientist and engineer Simon Stevin in his book De beghinselen der weeghconst
published in 1586:

“Let us take (as the very learned Mr Jan Cornets de Groot, most industrious investigator of the
secrets of nature andmyself have done) two spheres of lead, the one ten times larger and heavier
than the other, and drop them together from a height of 30 feet onto a board or something
on which they will give a perceptible sound. Then it will be found that the lighter will not be
ten times longer on its way than the heavier but that they will fall together onto the board so
simultaneously that their two sounds seem to be one and the same rap.” (translated from old
Dutch [1])
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where G is the gravitational constant, m and M are the masses of the bodies involved
and r is the distance between the centers of mass of the two bodies. At the earth’s
surface, Eq. (1.2) reduces to Eq. (1.1). Hence, we arrive at the fascinating result that
Newton’s law of universal gravitation is able to explain the value of the constant g in
terms of three variables and a more fundamental constantG. It is natural to ask whether
it is possible to account for the value of this new constantG also at a more fundamental
level, as we did for g. Sofar, it turns out that the answer to this question is negative and
that G – at least at this moment – represents a true fundamental constant of nature,
that is, the strength or coupling constant of the gravitational force, and its value cannot
be explained by any theory. In fact, one of the first scientists to question the constancy
of G was P.A.M. Dirac in connection with his Large Number Hypothesis [2]. In order to
explain peculiar coincidences that exist between the ratios of size scales in the Universe
to that of force scales, Dirac hypothesized a cosmology in which the value of G is
inversely proportional to the age of the Universe. Although later measurements proved
that Dirac’s theory was wrong [3, 4], these observations constituted the first search for
a variation of a fundamental constant.

This simple example of the gravitational force touches upon one of the fundamental
aims of science, that is, to discern the order that exists between and amongst experi-
mental observations at the most basic level. The flagship of fundamental science is
arguably the Standard Model of particle physics which explains how all matter in our
Universe is built up from 12 fundamental particles and held together by 3 fundamental
forces. The Standard Model distinguishes two basic groups of matter particles, quarks
and leptons, that are paired in three generations. The interaction between the parti-
cles is governed by the electromagnetic force, the strong nuclear force, and the weak
nuclear force. Gravity, the fourth fundamental force of nature, it is not (yet) included
in the Standard Model. Each of the forces in the Standard Model have an associated
coupling constant that is a measure of the strength of the interaction. The values of
these coupling constants are not predicted by the Standard Model nor by any other
theory and can only be obtained through experiments. In fact, the Standard Model
does not require these constant to be constant, and statements about their constancy
over space and time are based on experimental observations and on a strong believe in
Einstein’s equivalence principle. Nonetheless, a small change in any of these constants
has a dramatic impact on the appearance of our Universe. The fine structure constant
α = 1/137.035 999 074(44) [5], for example, determines the overall strength of the
electromagnetic interaction, and is crucial for the existence of atoms and their binding
into molecules and it determines largely why complex molecules can exist at all.

Another dimensionless constant is the proton-to-electron mass ratio μ = mp/me =
1836.152 672 45(75) [5]. Unlike the electron, which belongs to the family of leptons, the
proton is not a fundamental particle but a composition of three quarks. The combined
rest mass of the three valence quarks (∼10 MeV/c2[6, 7]), however, only accounts for
about 1% of the proton’s mass (938 MeV/c2). Most of the mass is determined by the
nuclear binding energy that holds these quarks together. As a consequence, the value
of μ provides a measure of the fundamental interaction strength of the strong nuclear
force, αs . The interplay between the values of α and αs gives rise to the so-called
Hoyle resonance that facilitates the triple-alpha process required for the production
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of carbon-12 atoms [8, 9]. A variation in α or αs on the order of a few percent reduces
the stellar production of carbon or oxygen up to three orders of magnitude [10]. From
these examples, it appears as if the values of the fundamental constants in our Universe
are fine-tuned to allow for the existence of life in it2.

Physical theories extending the Standard Model have presented scenarios that allow
for, or even predict, spatial-temporal variations of the constants of nature. A possible
spatial or temporal variation of the fine structure constant, α, or the proton-to-electron
mass ratio, μ, can be detected by comparing transitions in atoms and molecules as
a function of time and/or position [11]. As these transitions have, in general, a dif-
ferent dependence on α and μ, a possible variation will manifest itself as a shift of
the transition frequencies. The research described in this thesis is concentrated on
a possible variation of μ. Theories, based on the assumption of Grand Unification,
have predicted that Δμ/μ is much larger than Δα/α, making the proton-to-electron
mass ratio a preferred test ground for probing drifts in fundamental constants [12].
Experiments searching for signatures of a variation of fundamental constants can be
roughly divided into two main classes: astronomical searches and laboratory searches.
In astrophysical searches, the frequencies of two or more atomic and molecular ab-
sorptions from distant objects are compared with the frequencies as measured in the
laboratory. This allows one to determine the apparent redshift – and hence distance to
the object – and a possible variation. The main advantage of this approach is the long
accumulation time that is probed for systems at high redshift, however, this comes at the
cost of limited control over the experimental parameters and a significant complication
of the data analysis [13]. Laboratory searches, on the other hand, offer great control over
the experimental parameters, but have the disadvantage that only a short period of time
can be probed, thus requiring measurements with an extremely high resolution.

The sensitivity of any experiment searching for a frequency shift Δν due to the
variation of μ depends both on the size of the shift, i.e., the inherent sensitivity of the
molecular transition, and on the ability to measure this shift. For sake of comparison,
we assume that a possible variation of μ can be described adequately by a linear model.
Hence, the ability to detect a temporal variation of μ is given by

(∂μ
∂t

)/μ = (∂ν
ν

)/(KμΔt) , (1.3)

with (∂μ/μ)/∂t the fractional rate of change of μ, ∂ν/ν the fractional frequency pre-
cision of the measurement, Kμ the inherent sensitivity of a transition to a variation
of μ, and Δt the time interval that is probed in the experiment. For a sensitive test,
one needs molecular transitions that are observed with a good signal to noise and
narrow linewidth, and that exhibit high Kμ . In addition, one needs to compare at least
two transitions, preferably in the same molecule, that possess a different sensitivity in
order to detect a possible variation of μ. The three terms on the right-hand side of
Eq. (1.3) are important for any experiment that aims to probe temporal variation of μ

2Hoyle’s reasoning that the resonant state of carbon had to exist since carbon-based life exists, is an
example of the application of the anthropic principle. This principle states that observations of the physical
Universe must be compatible with the conscious life that observes it.
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and determine the ability to detect such a variation. In order to increase the sensitivity
of the experiment one has to find a suitable combination of (i) the resolution of the
experiment, (ii) the range in sensitivities of the transitions that are being probed, and
(iii) the time interval between successive measurements. In this thesis, these different
terms form a starting point for approaching possible variation of μ.

The remainder of this chapter is structured as follows. In Sec. 1.1, high-resolution
spectroscopy, such as the molecular-beam resonance method and the separated os-
cillatory fields method, are introduced. The ideas presented in this section provide
the framework for the molecular fountain experiment that is discussed in Chapter 2.
This fountain experiment is based on the technique of Stark deceleration that will be
described in Sec. 1.2.

In Sec. 1.3, the ammonia molecule, which is used in the experiments described in
this thesis, is treated in detail. The sensitivity coefficients for the inversion frequency of
the ammonia molecule are derived in this section as well. Sec. 1.4 is a short intermezzo
containing a discussion on the calculation of Kμ coefficients of alpha emitters.

In Sec. 1.5 the results of an observation campaign at the 100 m Effelsberg radio
telescope are presented. In this survey four methanol lines are used to constrain μ
variation on a cosmological time scale.

1.1 High-resolution spectroscopy

1.1.1 Rabi’s molecular-beam resonance method
The energy or frequency resolution of any spectroscopic experiment is limited by the
interaction time of the investigated species with the radiation field that drives the tran-
sitions. The interaction time depends on both the size of the interaction region and on
the velocity of the examined particles flying through the field. Precision measurements
of nuclear, molecular, and atomic properties began in 1938 when Isidor Rabi introduced
the molecular-beam resonance method [14, 15]. A schematic representation of a typical
molecular-beam-resonance setup is shown in Fig. 1.1a. After the molecules emerge
from the source, they pass through two regions of inhomogeneous magnetic or electric
fields. Neutral molecules that posses a magnetic or electric dipole moment will be
deflected from the molecular beam axis by such inhomogeneous fields and will not
reach the detector. In the absence of the second field, these molecules would be lost,
however, if the field gradient of the second field is directed oppositely to that of the first
field, it can refocus the deflected beam onto the detector [16]. The refocusing depends
upon the magnitude and orientation of the magnetic or electric dipole moment and
thus on the quantum state of the molecule. If an oscillatory field of length L, that is
placed between the two deflection fields, drives transitions to another quantum state,
the signal intensity will be reduced.

A detailed derivation of the line shape of a such a Rabi resonance can be found in
Ref. [16], here we only will summarize the main results. Consider a closed two level
system with eigenstates ∣1⟩ and ∣2⟩ of energy E1 and E2, respectively, that are the solu-
tions of the time-independent Schrödinger equation Hψn = Enψn . At time t0 = 0, this
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Figure 1.1: (a) Schematic diagram of a molecular-beam resonance apparatus (left-hand side)
and corresponding line shapes (right-hand side). The solid curve is the ideal line shape for a
mono-energetic molecular beam, whereas the dashed curve is the line shape averaged over all
velocities in the beam. For both curves the magnitude of the perturbation, b, and measuring
time, t, were chosen such as to produce the smallest line width. (b) Schematic diagram of a
separated oscillatory field apparatus (left-hand side) and corresponding line shape (right-hand
side). Note that the central part of the curve is calculated near resonance, while the outer parts
are calculated off resonance.

system enters a region where it is subjected to an oscillatory perturbation that induces
transitions between the states ∣1⟩ and ∣2⟩. The oscillating field with frequency ω/2π
causes a perturbation V that is of such a form that the elements of the perturbation
matrix are

Vi j(t) = −qeEz0

2
(e iωt + e−iωt) μi j , with μi j = −qe⟨i∣z∣ j⟩, (1.4)

where qe is the magnitude of the electron charge, Ez0 is the amplitude of the light wave
that is chosen to be polarized along the z direction, and μi j is the dipole matrix element.
From parity selection rules it follows that μ11 = μ22 = 0 and from the fact that the dipole
element represents a measurable quantity and H is Hermitian we find μ21 = μ12. For
notational convenience, we define b = μ12Ez0/(2ħ)3.

Assuming that at time t0 = 0 only the lowest level is populated, the probability P1→2

3Note that in this notation 2b = ΩR , where ΩR is the Rabi frequency for the transition between states
∣1⟩ and ∣2⟩.
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of a transition from state ∣1⟩ to state ∣2⟩ is given by

P1→2 = (2b)2(ω0 − ω)2 + (2b)2 sin2 { 1
2

√(ω0 − ω)2 + (2b)2 t} ,

with ω0 = (E2 − E1)/ħ. (1.5)

It can be seen that this probability reaches a maximum when ω = ω0 and that the full
half-width of this line shape depends on b and t. If the interaction time t is fixed while
b is varied at resonance, P1→2 reaches a maximum when t = π/2b. The line shape of
Eq. (1.5) for these parameter values is shown as the solid curve on the right-hand side
of Fig. 1.1a. Under these conditions, the full half-width of P1→2 is given by Δω = 3.19b,
or, in units of Hz Δν = 0.80/t.

In practice, the conditions for the ideal line shape of Eq. (1.5) to be valid are rarely
met exactly. In many cases, for instance, the interaction time is not fixed due to the
velocity distribution of the particles in the beam and Eq. (1.5) has to be averaged over
the range of velocities. The average of P1→2 is then

⟨P1→2⟩ = (2b)2(ω0 − ω)2 + (2b)2 [ 1
2 − I (√(ω0 − ω)2 + (2b)2 t)] ,

with I(x) = ∫ ∞0
e−y

2
y3 cos (x/y) dy. (1.6)

The integral function I(x) has to be evaluated numerically. The maximum transition
probability at resonance is reached when the measuring time and the magnitude of the
perturbation are related by 2bt = 1.200π [16] and has a value of ⟨P1→2⟩ = 0.75. The
shape of the resulting resonance curve predicted by Eq. (1.6) is shown as the dashed
curve on the right-hand side of Fig. 1.1a. The full half-width is Δω = 3.574b, or

Δν = 1.072/t, (1.7)

in units of Hz. Compared to the line width of a mono-energetic beam, the effect of the
velocity spread is to broaden the resonance by roughly 25%. Moreover, as can be seen
on the right-hand side of Fig. 1.1a, the periodic features of the Eq. (1.5) are washed out
and the linewidth becomes Gaussian.

1.1.2 Ramsey’s method of separated oscillatory fields
Eq. (1.7) suggests that an unrestricted increase in the resolution of spectral lines could
be realized by increasing the length of the oscillatory field region. In practice, however,
this unlimited increase in precision cannot be achieved. The main problem that is
associated with increasing the length of the field region is the requirement to maintain a
completely uniform field over this length. As a consequence, the resonance frequencies
are not constant during the measurement resulting in a line width that is much broader
than predicted by Eq. (1.7) and often increases with increasing length, rather than
decreases [16]. These difficulties were overcome when Norman Ramsey introduced the



1.1 High-resolution spectroscopy 7

method of separated oscillatory field in 1949 [17, 18]. As the name suggests, this method
involves the sequential application of the oscillatory field that drives the transition
with a field-free region in between. This technique exploits interference of quantum
superposition states and bears great resemblance with Young’s double slit experiment
in optics.

The left-hand side of Fig 1.1b shows a schematic configuration of a typical setup
consisting of two oscillatory field regions of length �, separated by a distance L. The
traversal time of a single field region is denoted by τ, whereas the traversal time between
the two field regions is denoted by T . The transition probability for a mono-energetic
two-level system is given by [16]

P1→2 = 4(2b)2

a2 sin2 ( 1
2 aτ)×

[cos ( 1
2 δωT) cos ( 1

2 aτ) − (ω0 − ω
a

) sin ( 1
2 δωT) sin ( 1

2 aτ)]2
, (1.8)

with a = [(ω0 − ω)2 + (2b)2]1/2, and δω = ω̄0 − ω, where ħω̄0 is the average energy
separation between the two states over the distance L.

The first term in the above expression is just 4 times the probability of a Rabi
transition defined in Eq. (1.5), whereas the second term gives rise to an interference
pattern that depends on the relative phase difference, δωT , between the system and
the oscillatory field. This process can be visualized on a Bloch sphere where the south
and north pole correspond to state ∣1⟩ and ∣2⟩, respectively, as shown in Fig. 1.2. In
order to maximize the interference between the two oscillating fields, the first field
creates an equal superposition of states ∣1⟩ and ∣2⟩, that is, P1→2 = 1

2 . This probability
is achieved when aτ = π/2, and such a pulse is referred to as a “π/2 pulse”. Consider
a beam of molecules in state ∣1⟩ that enters the first field region which is near resonant
with the ∣1⟩ → ∣2⟩ transition and creates an equal superposition of states ∣1⟩ and ∣2⟩
(Fig. 1.2a). The time evolution of the coefficients in the superposition corresponds to a
rotation of the state vector around the vertical axis of the Bloch sphere. This rotation
can be separated into two counter-rotating components in the horizontal plane; the
angular frequency of the driving field ω, and the eigenfrequency of the system ω0. It
is therefore convenient to define a coordinate frame that co-rotates with the frequency
of the driving field [19]. In this new coordinate system, the relative phase of ∣1⟩ and ∣2⟩
evolves at a frequency of δω. If, at the time that the second pulse is applied, the relative
phase has completed an integer number of cycles (Fig. 1.2b), the pulse will transfer
all population to the upper state. However, if the phase has completed a half-integer
number of cycles, the pulse will return the system to its ground state (Fig. 1.2c). By
scanning the frequency of the driving field one obtains a pattern of so-called Ramsey
fringes.

The line shape predicted by Eq. (1.8) is only valid for a mono-energetic beam of
particles. In order to obtain an expression for a realistic beam, the transition probability
of Eq. (1.8) should be averaged over the velocities in the beam, as was done in the
previous section. Ramsey [16] derives two convenient expressions by averaging in two
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Figure 1.2: Bloch sphere visualization of the separated oscillatory fields method. a) The initial
π/2 pulse creates an equal superposition of states ∣1⟩ and ∣2⟩, which starts rotating about the
vertical axis at a frequency δω. b) After an integer number of rotations, the second pulse projects
all population onto state ∣2⟩, hence completing the transition. c) After a half-integer number of
rotations the second pulse rotates the state vector back to the initial state ∣1⟩.

limiting cases, that is, near resonance and off resonance, resulting in

⟨P1→2⟩ = 1
4 − 1

4 I (δωT + 4bτ) − 1
4 I (δωT − 4bτ)+

1
2 I (δωT) − 1

2 I (4bτ) , (1.9)

and

⟨P1→2⟩ = (2b)2

a2 (1 − 3
4
(2b)2

a2 ) − 2(2b)2 (ω0 − ω)2

a4 I (aτ) − 1
2
(2b)4

a4 I ( 1
2 aτ) , (1.10)

respectively. The maximum transition probability at resonance is found when 2bτ =
0.600π. For this value of b, an indication of the general line shape over the entire
resonance region is plotted on the right-hand side of Fig. 1.1b where the transition
probabilities from Eqs. (1.9) and (1.10) are plotted on the same curve. The full width
at half maximum of the central fringe is given by Δν = 0.65/T , which is almost a
factor of two smaller than the resonance width of a Rabi transition. Furthermore, in the
separated oscillatory field method the driving field needs have a constant phase over
the short distance �, whereas in the Rabi method the driving field needs to be uniform
over the entire length L. As a consequence, the resonance width of a Ramsey transition
can be reduced to an arbitrary value by increasing the length of the field-free region.

1.1.3 A Zacharias fountain
The method of separated oscillatory fields provides a line width of the resonance peaks
that is 40 percent narrower than the corresponding width for a single oscillatory field
measurement. In addition, the sharpness of the resonance is not reduced by instanta-
neous temporal or spatial fluctuations in a field that is applied between the two coils,
as only the space-averaged value of the energy appears in Eqs. (1.9) and (1.10). By
the end of 1952, Jerrold Zacharias realized that a further improvement in resolution
is feasible by adjusting the design of the separated oscillatory field molecular-beam
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apparatus shown in Fig. 1.1b [16, 20]. Instead of using an apparatus with a molecular-
beam axis that is oriented horizontally, Zacharias proposed to construct a vertical setup
that would exploit the slow tail of an atomic cesium beam4. Atoms with an upward
velocity of 10 m/s would fly up some 5 m before falling back under gravity and hit a
detector alongside the source. An oscillatory field placed about a meter below the top
of the apparatus would then act as both the first and second field region to perform
the Ramsey spectroscopy. The total interrogation time, that is, the time between the
first and second traversal through the oscillating field, in such a “fountain” experiment
would be in the order of a second and would result in Ramsey fringes with a 1 Hz
resolution. Eventually, Zacharias’ fountain experiment failed due to the unexpected
deficiency of the required ultraslow cesium atoms, which were scattered out of the beam
before they could emerge from the oven [22], and the experiment was abandoned in
1957 [21].

It was not until the mid eighties, when the great progress in laser cooling and
trapping techniques for atoms, stimulated renewed interest in Zachariass idea [23, 24].
The first atomic fountain was demonstrated by Kasevich et al. in 1989 using laser-
cooled sodium atoms [25]. An atomic fountain based on laser-cooled cesium atoms was
realized in Paris by Clairon et al. in 1991 [26]. Nowadays, state-of-the-art laser-cooled
cesium atomic fountain clocks realize the International System of Units’ (SI) definition
of the second with a relative accuracy of 3×10−16 [27]. The advances in laser cooling and
trapping of atoms provided the source of slow particles that was lacking in Zacharias’
initial attempts. It is therefore expected that a similar control over the motion of mol-
ecules is of crucial importance for a successful demonstration of a molecular fountain.
We will employ Stark deceleration to obtain a relatively dense packet of molecules at a
low velocity. Stark deceleration is a technique that uses time-varying inhomogeneous
electric fields to decelerate part of a molecular beam to a compter-controlled velocity
and can therefore be used to create a source of slow molecules required for a molecular
fountain experiment.

1.2 Stark deceleration of neutral molecules

Since the first implementations of atomic and molecular beams, scientists have tried
to manipulate the trajectories of the particles in the beam by applying magnetic or
electric field gradients. Probably the most famous of these attempts is the Stern-Gerlach
experiment that was aimed at probing space quantization via measuring the deflection
of a beam of atoms with a magnetic moment when moving through an inhomogeneous
magnetic field [28]. A more elaborate manipulation scheme was conceived by Rabi,
who introduced the molecular beam magnetic resonance method that consists of two
successive magnets with oppositely directed inhomogeneous field gradients [14, 15].
The invention of electrostatic lenses [29], which are capable of focusing neutral particles
in selected quantum states, has been of utmost importance for establishing popula-
tion inversion in a beam of ammonia molecules and resulted in the invention of the

4Knowledge of J. R. Zacharias’ work has been passed down in the oral tradition. In Ref. [21] an account
of the fountain experiment is given based on interviews with Zacharias’ coworkers.
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Figure 1.3: The operation principle of a Stark decelerator; molecules lose kinetic energy upon
repeated switching between two high-voltage configurations shown in panel (a) and (b).

maser [30]. The manipulation of atomic and molecular beams with external fields in
the past exclusively involved the transverse motion of the molecules [31]. In this section
we describe how the longitudinal velocity of molecules in a beam can be manipulated
using time-varying electric fields5.

In a Stark decelerator, the longitudinal velocity of a beam of polar molecules is
manipulated using an array of inhomogeneous electric fields, as shown in Fig. 1.3. The
principle of a Stark decelerator is equivalent to that of a charged-particle accelerator, the
difference being that in a Stark decelerator the force experienced by a polar molecule
depends on its electric dipole moment and on the field gradient, whereas in a charged-
particle accelerator the force depends on the particle’s charge and on the electric field
strength. As a consequence, the force exerted on molecules in a Stark decelerator is
quantum-state specific and typically eight orders of magnitude smaller than the forces
that are typically obtained in charged-particle accelerators [33]. Since the first demon-
stration of Stark deceleration using metastable CO molecules [34], the technique has
routinely been applied to many other molecules [35, Table 1].

As the name suggests, a Stark decelerator, exploits the Stark effect that originates
from the interaction of a polar molecule with an electric field. The Stark effect can either
be positive or negative, that is, the energy shift increases or decreases with increasing
electric field strength, respectively. The force, FStark, that acts upon a molecule in a

5It is interesting to note that deceleration of molecules was first attempted by John King in Zacharias’
lab at MIT in 1958. King and Zacharias intended to produce a slow ammonia beam to obtain a maser with
an extremely narrow linewidth [32].
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specific quantum state in an electric field follows from

FStark = −dWStark

dr
= μeff

∂∣E⃗∣
∂r

with μeff = −∂WStark

∂∣E⃗∣ , (1.11)

with WStark the Stark shift and ∣E⃗∣ the electric field magnitude.
As a consequence, molecules that posses a negative Stark shift experience a force

toward a region of higher electric field and are referred to as high-field seekers, while
molecules with a positive Stark shift experience a force toward a region of lower electric
field and are referred to as low-field seekers. The ground state of any molecule is always
high-field seeking.

When a polar molecule in a low-field-seeking state – for example, an ammonia
molecule in the ∣J , MK⟩ = ∣1, 1⟩ state – approaches a region of high electric field that
is produced by a pair of electrodes as indicated in Fig. 1.3, part of the initial kinetic
energy of the molecule is transformed into (potential) Stark energy and the molecule
slows down. However, the molecule will regain its initial kinetic energy as it leaves the
region of high electric field again. This latter acceleration can be avoided if the electric
field is abruptly switched off before the molecule has regained its initial velocity.

The electric-field strength that can be obtained experimentally is typically limited to
about 200 kV/cm. The kinetic energy that is lost in such an electric field is about two or-
ders of magnitude smaller than the kinetic energy of the molecular beam. Nevertheless,
full control over the longitudinal motion of the molecules in the beam can be achieved
by repeating the deceleration process many times. In a Stark decelerator this is accom-
plished by using an array of equidistant field stages, separated by a distance L, as shown
in Fig. 1.3. Each stage consists of two cylindrical metal rods with radius r that are placed
2r+d apart and each rod is connected to either a positive or negative switchable power
supply. The rods that form every other electric-field stage are connected to each other.
In addition to the deceleration force, molecules in a low-field-seeking state experience
a force toward the beam axis, as the electric field is higher near the electrodes than
on the axis. However, this focusing only occurs in the direction perpendicular to the
electrodes while there acts virtually no force in the direction parallel to the electrodes.
In order to achieve a net focusing force in both transverse directions throughout the
decelerator, subsequent electric field stages are oriented orthogonally. Note that for
clarity all electrodes in Fig. 1.3 are depicted with the same orientation.

At a given time, the even-numbered stages are switched to high voltage and the
odd-numbered stages are grounded, or vice versa. The Stark energy of a molecule in a
low-field-seeking state as a function of the longitudinal position z for the two situations
is sketched in Fig. 1.3. It is convenient to define the so-called “synchronous molecule”,
i.e., the molecule to which the switching of the electric fields is synchronized. When the
synchronous molecule reaches a position that is close to the top of the Stark potential,
the stages that were at high voltage are switched to ground and the stages that were
grounded are switched to high voltage. As a consequence, the molecule finds itself in
front of a new potential hill and again loses kinetic energy as it climbs up this hill. When
the molecule is close to the maximum of the potential hill, the voltages are switched
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back to the initial configuration. By repeating this process, the velocity of the molecule
is reduced in a semi-continuous fashion [31, 33].

The amount of energy that is lost per stage depends on the position of the syn-
chronous molecule at the moment that the fields are being switched. In analogy with
concepts used in charged-particle accelerators, this position is expressed in terms of a
phase angle ϕ0 that has a periodicity of 2L. A phase angle of ϕ0 = 90○ corresponds to
a maximum loss of kinetic energy, while a phase angle of ϕ0 = −90○ corresponds to
a maximum gain of kinetic energy. An important property of the Stark decelerator is
that the deceleration process does works not only for the synchronous molecule, but
for all molecules that at the entrance of the decelerator occupy a phase-space volume
that is close to the phase-space coordinate of the synchronous molecule.

1.3 Energy level structure and Stark shift in ammonia

All experiments that are described in this thesis are based on ammonia molecules
for a number of reasons. (i) The ammonia molecule is studied in great detail in the
past and spectroscopic information for many of its molecular states can be found in
the literature. (ii) Ammonia exhibits a classically forbidden large amplitude motion,
associated with the inversion of the molecule, that results in an enhanced sensitivity to
a variation of μ. (iii) The relatively low mass and large dipole moment of the ammonia
molecule make that ammonia can be decelerated effectively with a Stark decelerator.
In this section some features of the ammonia molecule are discussed that are relevant
for the work described in this thesis.

1.3.1 The inversion splitting in ammonia

In the electronic ground state, the ammonia molecule has the form of a regular pyra-
mid, whose apex is formed by the nitrogen atom, while the base consists of an equi-
lateral triangle formed by the three hydrogen atoms. In the electronic ground state,
there exists a particular vibrational motion which is associated with the inversion of
the molecule. The angle between the line connecting the centroid of the base with the
apex and one of the NH bonds is referred to as the umbrella angle ρ, as the vibrational
motion of the molecule resembles the movement of an umbrella which is being opened
and closed, and during which ρ oscillates at a fairly rapid rate around its equilibrium
value [36, 37]. After a large number of such vibrations, the nitrogen atom may penetrate
the hydrogen plane, and begin oscillations on the other side. Note that this tunneling
would normally destroy a conventional umbrella. The potential energy V(ρ) of this
system, neglecting all other degrees of freedom, is shown in Fig. 1.4 as a function of ρ.
Note that in the Born-Oppenheimer approximation this potential curve is identical for
all isotopologues of ammonia. The two minima of V(ρ) correspond to symmetrical
configurations of the molecule such that the nitrogen atom is located on either side of
the plane formed by the three hydrogen atoms at the equilibrium angles ρ0 = 68○ and
112○. The molecule can vibrate around ρ0 in either of the two potential wells with an
angular frequency of ν̃0 = 950 cm−1 [36, 37]. As seen from Fig. 1.4, the potential forms
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Figure 1.4: Potential energy curve for the electronic ground state of NH3 as a function of the
umbrella angle ρ. Due to tunneling through the potential barrier each vibrational level is split in
a symmetric and antisymmetric component.

a barrier at ρ = 90○, i.e., when the nitrogen atom is in the plane of the hydrogen atoms.
The one-dimensional Schrödinger equation for the motion along the symmetry axis of
the molecule is given by

− ħ2

2μred

d2ψ(z)
dz2 + V(z)ψ(z) = Eψ(z), (1.12)

with μred the reduced mass6 and z = dNH sin ρ, where dNH the NH bond distance. If
the barrier between the two potential wells were of infinite height, the two wells would
be totally disconnected and each energy eigenvalue of the system would be doubly
degenerate. The eigenfunctions associated with a given energy would be linear com-
binations of the ‘left’ and ‘right’ wave functions ψ̂L and ψ̂R which have zero amplitude
for z ≥ 0 and z ≤ 0, respectively [37]. These wave functions are sketched in Fig. 1.5(a)
for the lowest vibrational state (ν = 0). However, as the barrier is finite, quantum-
mechanical tunneling of the nitrogen atom through the plane of the hydrogen atoms
couples the two wells. This tunneling motion lifts the degeneracy, and the energy levels
are split into doublets. Moreover, due to the tunneling the wave functions ψ̂L and ψ̂R
do not vanish for z ≥ 0 and z ≤ 0, respectively. The wave functions for a barrier of
finite height, ψL and ψR, are sketched in Fig. 1.5(b). Due to the coupling between the
two wells, these functions do not correspond to eigenfunctions of Eq. (1.12), as the
true eigenfunctions must be either symmetric or antisymmetric with respect to the
inversion operator z → −z [37]. The energy eigenfunctions are shown in Fig. 1.5(c) and
are given by

ψ1 = 1√
2
(ψL + ψR), and ψ2 = 1√

2
(ψL − ψR), (1.13)

6As a simple approximation we assume that the distance between the hydrogen atoms remains constant
during the motion in which case μred = 3mHmN/(3mH +mN), with mH and mN the mass of the hydrogen
and nitrogen atom, respectively.



14 Introduction and summary

(a) (b) (c)

0 0 0

ψ ψ ψ

z

z

z

z

z

z

ψLˆ

ψRˆ

ψL

ψR ψ1

ψ2

-z0 z0

-z0 z0

-z0 z0

-z0 z0

-z0 z0

-z0 z0

Figure 1.5: Schematic wave functions for the ammonia molecule; (a) In case of an infinite
barrier, the two wells are totally disconnected and each energy eigenvalue of the system is doubly
degenerate. The eigenfunctions associated with a given energy are linear combinations of the
‘left’ and ‘right’ wave functions ψ̂L and ψ̂R. (b) In case of a finite barrier, coupling between the
two wells causes a leakage of amplitude to the other side of the barrier. The corresponding wave
functions ψL and ψR are not eigenfunctions to the Hamiltonian nor are they orthogonal to each
other. (c) The true eigenfunctions ψ1 and ψ2 are the symmetric and antisymmetric combination
of ψ̂L and ψ̂R.

where we have assumed that ψL and ψR are normalized to unity. The symmetrical wave
function ψ1 corresponds to the lowest energy of the doublet, whereas the antisym-
metric wave function ψ2 corresponds to the higher energy. The vibronic ground state
is designated as X(0) for the symmetric component and X(1) for the antisymmetric
component. The tunneling through the barrier with a height of 2023 cm−1 is responsible
for an energy splitting of 0.8 cm−1 and 36 cm−1 in the ground vibrational and first
excited vibrational states, respectively. These energies are much smaller than the energy
corresponding to the normal vibrational motion (ν̃0 = 950 cm−1), since the inversion
of the molecule is severely hindered by the presence of the potential barrier.

The inversion frequency for ammonia has been calculated by Dennison and Uhlen-
beck [38], who used the Wentzel-Kramers-Brillioun (WKB) approximation to obtain

νinv = ν0

πA2 , with A = exp{2π
h ∫ z0

0
[2μred (V(z) −W)] 1

2 dz} , (1.14)

with ν0 the frequency of vibration in one of the potential minima and W the total
vibrational energy. Due to the appearance of μred in the exponent of Eq. (1.14), the
inversion splitting depends exponentially on the mass of the proton. In the ground
state of NH3, A2 = ν0/(πνinv) ≈ e6 and if the reduced mass is increased by a factor
of two, such as would be roughly done by changing from NH3 to ND3, the inversion
splitting decreases by a factor of exp (6 [√2 − 1]) ≈ 12, as was already pointed out by
Townes and Schawlow [36]. A more detailed discussion of the mass dependence of the
inversion splitting will be presented in Sec. 1.3.4.
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1.3.2 Rotational structure of ammonia
Although the NH3 molecule is a floppy molecule, the rotational energy levels can be
described to a good approximation with the Hamiltonian of a rigid oblate symmetric
top [36]

Ĥrot
ν = Bν ⋅ J⃗2 + (Cν − Bν) ⋅ J2

z , (1.15)

with J⃗ the total angular momentum, Jz the projection of J⃗ onto the molecular symmetry
axis and Bν and Cν the effective rotational constants for a vibrational state ν. Including
centrifugal distortion terms in the simple Hamiltonian of Eq. (1.15) results in electronic
ground state energies given by [39]

Eν(J ,K) = Tν + Bν J(J + 1) + (Cν − Bν)K2

− DJJ ,ν [J(J + 1)]2 − DJK ,ν J(J + 1)K2 − DKK ,νK4. (1.16)

The rotational constantsBν andCν and the centrifugal distortion constantsDJJ ,ν , DJK ,ν ,
and DKK ,ν for NH3 in the X(0) and X(1) state can be found in Ref. [40]. The inversion
splitting between the X(0) and X(1) doublets in the rovibrational ground state is given
by νinv = T1 − T0.

The symmetric top eigenfunctions are given by [41]

∣JKM⟩ = (−1)M−K (2J + 1
8π2 ) 1

2
DJ
−M−K (ϕ, θ , χ) = (2J + 1

8π2 ) 1
2
DJ∗
MK (ϕ, θ , χ) , (1.17)

where DJ
MK(ϕ, θ , χ) are the Wigner rotation matrices and ϕ, θ, and χ are the Euler

angles. The rotational eigenstates are hence given by

∣JKM; ε⟩ = 1√
1 + δK ,0

[∣JKM⟩ + ε∣J − KM⟩] , (1.18)

where ε is the parity index in ρ-space and given by ε = ∓(−1)J , the − refers to the sym-
metric inversion level and the + to the antisymmetric inversion level7. The rotational
energy level diagram of the ground state of NH3 is given in Fig. 1.6. The dashed lines
indicate levels that are Pauli forbidden as the overall wave function, including nuclear
spin, is not antisymmetric. Fig. 1.6 also shows the rotational energy level diagram of
the B(ν2 = 3) Rydberg state of ammonia. In the experiments that are described in
Chapters 2 to 4, the ammonia molecules are ionized using a (2+1) REMPI scheme via
the B(ν2 = 3) state. As the B state possesses a flat geometry, there is no tunneling
barrier and inversion splitting is absent. The vibronic wave function has either E" or
E′ symmetry for even or odd ν2, respectively, and is twofold degenerate. As a conse-
quence, Coriolis coupling effects and vibrational l-type doubling give a considerable

7Note that the overall parity of the molecular wave function, p, under the inversion operation, E∗, is
given by p = ε (−1)J−K+1 [40].
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contribution to the molecular Hamiltonian and cause additional shifts and splittings
of the rigid rotor energy levels [44]. In addition, upper levels of the electronic ground
state inversion doublets can only be probed via a B(ν2 = odd) band, whereas the lower
inversion doublets can only be probed via a B(ν2 = even) band, as the vibrational
wave functions for the ground state and first excited vibrational state are of A′1 and A"2
symmetry, respectively.

1.3.3 Stark shift in ammonia

In the absence of an electric field the energy levels do not depend on the spatial orienta-
tion of the angular momentum vector and hence each JK state is (2J+1) fold degenerate.
However, in an external electric field this degeneracy is lifted and each state splits in(J+ 1) states of which all but M = 0 are doubly degenerate. The effect of a static electric
field on the energy level structure of ammonia can be calculated by perturbation theory
provided the external electric field is much smaller than the internal electric field of
the electron-nuclei interactions, as is usually the case. Assuming the electric field is
uniform over a region of atomic dimensions, the perturbation term takes the form

Ĥ′ = −μel∣E⃗∣ cos θ , (1.19)

where μel is the permanent electric dipole moment and E⃗ the electric field vector.
According to first-order perturbation theory

⟨JKM∣Ĥ′∣JKM⟩ = −μel∣E⃗∣⟨JKM∣cos θ∣JKM⟩,

= −μel∣E⃗∣(−1)M−K (2J + 1)( J J 1
M −M 0)( J J 1

K −K 0) ,

= −μel∣E⃗∣ MK
J(J + 1) , (1.20)

where we have used cos θ = D1
00 and Eq. (3.118) of Zare [41] and the analytical expres-

sions for the 3 j symbols [41]. The second order correction to the energy is given by

⟨JKM∣Ĥ′∣J′K′M′⟩ = −μel∣E⃗∣⟨JKM∣cos θ∣J′K′M′⟩,= −μel∣E⃗∣(−1)M′−K′√(2J + 1)(2J′ + 1)
×( J J′ 1

M −M′ 0)( J J′ 1
K −K′ 0) , (1.21)

for which the 3 j symbols are only nonzero if M = M′, K = K′, and J′ = J ± 1. Thus, the
second-order energy is affected only by the two neighboring states. To account for the
second-order perturbation, we need to evaluate a 6 × 6 energy matrix of the form
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, (1.22)

where the diagonal terms Eν=0,1(J ,K) and off-diagonal terms aJ are given by Eqs. (1.16)
and (1.20), respectively. The expression for bJ follows from Eq. (1.21)

bJ = −μel∣E⃗∣⟨JKM∣ cos θ∣J − 1KM⟩,

= −μel∣E⃗∣#$$%(J2 − K2)(J2 −M2)
J2(2J − 1)(2J + 1) . (1.23)

For low electric fields, the second order Stark correction and the interaction between
different J levels, i.e. the bJ terms, can be neglected and the Stark energy takes the
approximate form

WStark = −ε#$$%(Winv

2
)2 + (μel∣E⃗∣ MK

J(J + 1))
2 + εWinv

2
, (1.24)

where ε is the parity index that was introduced in Sec. 1.3.2.
The Stark energies and effective dipole moments for the ∣J ,K⟩ = ∣1, 1⟩ state of NH3

and ND3 were calculated from Eq. (1.22) and are shown on the left and right-hand side
of Fig. 1.7, respectively. The dashed lines also shown in the figure are obtained by using
the two two-level approximation of Eq. (1.24). It is seen that for fields up to 50 kV/cm,
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the interaction with neighboring levels can be neglected and Eq. (1.24) is used to obtain
the Stark shift of ammonia in Chapters 2 and 4.

1.3.4 Sensitivity of the inversion frequency to a variation of μ
In Section 1.3.1 the inversion splitting of the ammonia molecule was discussed. Since
this splitting is due to the tunneling of the nitrogen atom through the plane formed by
the hydrogen atoms, its frequency is very sensitive to the effective mass that tunnels.
This can be seen from the factor of √μred appearing in the exponent of Eq. (1.14).
An additional factor of μ−1/2

red is expected which is due to the mass dependence of the
harmonic oscillator. It was first pointed out by Van Veldhoven et al. [45], and later by
Flambaum and Kozlov [46], that the strong dependence of the inversion splitting on
the reduced mass of the ammonia molecule can be exploited to probe variation of μ.
If the reduced mass – or rather the proton-to-electron mass ratio – shifts over space
and/or time, so does the inversion frequency. Theoretically, the μred dependence of the
inversion frequency is expected to follow the formula [47]

νinv = a0√μred
e−a1

√μred , (1.25)

where a0 and a1 are fitting constants. In Fig. 1.8 the frequencies of the different am-
monia isotopologues are plotted as a function of their reduced mass [45, 47–50]. The
solid line in Fig. 1.8 shows a fit according to Eq. (1.25) with a0 = 68 THz × amu1/2 and
a1 = 4.7 amu−1/2. If we assume that no effects depending on quark structure persist, that
is, if the proton and neutron masses scale in a similar manner, the sensitivity coefficient
follows from

K inv
μ = μ

ν
( ∂ν
∂μ

) = − 1
2 a1

√μred − 1
2 . (1.26)

For 14NH3, this results in a sensitivity coefficient K inv
μ = −4.2. This is almost an order of

magnitude more sensitive to a variation of the proton-to-electron mass ratio than pure
vibrational transitions that have a sensitivity coefficient ofKvib

μ = − 1
2 . By comparing the

inversion frequency of ammonia with a suitable frequency standard over an extended
period of time, an upper limit on a temporal variation of μ or a positive effect can be
obtained [46, 51].

In Chapter 5, the methanol molecule is discussed that – just like ammonia – pos-
sesses a classically-forbidden large-amplitude motion. In addition to normal rotation
along the three principle axis of the center-of-mass frame, methanol exhibits internal
rotation along the CO bond. This rotation is not free, but hindered by the interaction
between the hydrogens of the methyl group and hydroxyl group, similar to the inver-
sion motion of ammonia. The sensitivity of a pure torsional transition in methanol
has a sensitivity coefficient of Kμ = −2.5. However, in Chapter 5 we will see that some
transitions in methanol with ∣ΔK∣ = 1 have sensitivity coefficients that can be more
than an order of magnitude larger than this. The enhancement of these sensitivity
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Figure 1.8: Inversion frequency for various isotopologues of ammonia in the ground (ν2 = 0)
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of the ν2 vibration. The solid and dashed lines are a fit according to Eq. (1.25), with a0 = 68 and
88 THz × amu1/2 and a1 = 4.7 and 3.9 amu−1/2, for the ground state and first excited vibrational
state of ammonia, respectively.

coefficients is caused by an accidental near degeneracy between two levels that have
a different dependence on μ.

Such degeneracies do not occur in the vibrational ground state of ammonia, but
may happen in the first vibrational excited ν2 = 1 state that experiences a much lower
effective inversion barrier than the ν2 = 0 state. Molecular constants for the ν2 = 1
state of 14NH3 can for instance be found in Ref. [52] and from these the energy of each
inversion-rotational state can be approximated with Eq. (1.16). In Fig. 1.9, a rotational
energy diagram of ammonia in the ν2 = 1 state is shown. Similar to the ground state of
ammonia, half of the energy levels withK = 0 do not exists as a consequence of the Pauli
principle. Two interesting transitions have been indicated in the figure; the inversion-
rotation transition at 140 GHz between the antisymmetric component of the JK = 11
doublet and symmetric component of the 21 doublet, and the ΔK = ±3 forbidden
transition at 2.9 GHz between the symmetric component of the JK = 30 doublet and
antisymmetric component of the 33 doublet. Transitions with ΔK = ±3 are allowed
through perturbative mixing of the symmetric and antisymmetric JK = 30 and 33 wave
functions and gain amplitude due to the accidental degeneracy between these two lev-
els [53]. However, this mixing only allows symmetric to symmetric and antisymmetric
to antisymmetric transitions to occur. Thus, to probe the 2.9 GHz transition directly, a
two-photon transition is required.

In order to estimate the sensitivities of rotation-inversion transitions it suffices to
account for the μ dependence of the dominant rotational parameters Bν , Cν , and the
inversion splitting. The rotational parameters have a sensitivity coefficient of Krot

μ = −1
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Figure 1.9: Rotation-inversion levels of 14NH3 in the ν2 = 1 state. Two transitions are indicated
in the figure. The lower inversion component of the JK = 30 doublet is very close (2.885 GHz) to
the upper inversion component of the JK = 33 level and causes mixing of the wave functions.
A two-photon transition between these states has a sensitivity coefficient Kμ = −938 (note
that single-photon transitions between these states are not allowed). The rotation-inversion
transition between the upper component of the JK = 11 doublet and lower component of the
JK = 21 doublet at 140 GHz has a sensitivity coefficient Kμ = +18.8.

as they are inversely proportional to the reduced mass of the molecule. The sensitivity of
the inversion splitting can be obtained by fitting Eq. (1.25) to the inversion frequencies
for the ν2 = 1 state of the various ammonia isotopologues. This fit is shown in Fig. 1.8
with a0 = 88 THz×amu1/2 and a1 = 3.9 amu−1/2. From Eq. (1.26) we deduce a sensitivity
coefficient K inv

μ = −3.6 for the normal isotopologue of ammonia8. If coupling between
inversion and rotation energy can be neglected, the sensitivity coefficient for inversion-
rotation transitions within the ν2 = 1 state simplifies to

Kμ = Krot
μ ΔErot + K inv

μ ΔEinv

hν
, with hν = ΔErot + ΔEinv . (1.27)

The torsional splittings of ammonia in the first excited vibrational state, as well as
the frequencies of the transitions indicated in Fig. 1.9, are well-known from experi-
ments [54]. Using these tabulated frequencies Eq. (1.27) predicts sensitivities of Kμ =−938 and +18.8 for the 2.9 and 140 GHz transitions, respectively. It should be noted,
however, that it is not trivial to measure these transitions to a high accuracy in a molec-
ular beam experiment, as it requires active pumping of ammonia from the ν2 = 0 to
the ν2 = 1 state at a wavelength around 10.5 μm. The transition around 2.8 GHz is even
more complicated as it involves an additional two-photon transition in the microwave
domain once the molecules are prepared in the ν2 = 1 state. Note that either higher

8The same sensitivity coefficient can be obtained by using Eq. (13) of Ref. [46] and the values of the
inversion splitting and the vibrational frequency in the ν2 = 1 mode from Fig. 1.4
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excited vibrational states in ammonia or the ν2 = 1 state in other isotopologues of
ammonia, may have sensitive transitions that are more accessible experimentally.

1.4 Intermezzo: the escape of an alpha particle

In Sec. 1.3.1, the inversion of the ammonia molecule was treated and the energy splitting
as predicted from the WKB approximation was given (Eq. 1.14). Historically, the first
successful application of the WKB approximation involved the process in which heavy
nuclei emit alpha particles. The half-lives of these nuclides span a range over 20 orders
of magnitude [55], from about t1/2 = 0.3 μs in Po212 to t1/2 = 13.9 Gyr in Th232.

The decay of an unstable parent nucleus into an alpha particle and a daughter nu-
cleus, is a process encountered commonly in nuclei with an atomic number Z > 82 [56].
The number of parent nuclei at a certain time, N(t) is described by exponential decay

N(t) = N0e−λt , (1.28)

with N0 the initial number of parent nuclei and λ = ln 2/t1/2 the decay constant. The
emittance of an alpha particle happens spontaneously, and part of the energy that is
released is available as kinetic energy for the emitted alpha particle, Qα . Geiger and
Nuttall discovered a linear relationship between the logarithm of the decay constant
and the logarithm of kinetic energy of the emitted alpha particle for nuclides belonging
to a certain natural decay chain [57]. This relation, which is known as the Geiger-
Nuttall law, can be expressed as [58]

ln λ′ = a0 − a1
Z√
Qα

, (1.29)

where we have introduced a primed version of λ to distinguish between the decay rate
λ in Hz and the dimensionless number of decay events in one second λ′, Z is the atomic
number of the parent nuclide and a0 and a1 are empirical constants. In Fig. 1.10a the
logarithms of the experimental values for λ′ of the four natural radioactive decay series
are plotted as a function of Z/√Qα . The solid line is a fit according to the Geiger-Nuttall
law with a0 = 96.6 and a1 = 3.0 (MeV)1/2. The remarkable dependence upon kinetic
energy was explained independently by quantum mechanical tunneling by Gamow [59]
and by Gurney and Condon [60].

From scattering experiments in which nuclei of heavy atoms were bombarded with
alpha particles it was known that the potential energy between the nucleus and the
alpha particle follows Coulomb’s law for the range that could be probed with the kinetic
energy of the alpha particles used, while these heavy nuclei emitted α particles with less
kinetic energy than expected from such a potential. In addition, scattering of alpha
particles from nuclei of light atoms revealed that the potential departs from this 1/r
dependence when r < r1 where it drops very rapidly [56]. It was reasoned [59, 60]
that the shape of the potential energy can be described qualitatively by the curve that
is shown in Fig. 1.10b and that the alpha particle exists inside the nucleus where it is
bound by the strong nuclear force. The Coulomb energy between the alpha particle
and the daughter nucleus follows from
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Figure 1.10: (a) A plot of the experimental λ′ values of the four natural radioactive decay series
as a function of Z/√Qα . The solid line is a fit according to the Geiger-Nuttall law with a0 = 96.6
and a1 = 3.0 (MeV)1/2. (b) Schematic diagram of the potential energy between an alpha particle
and daughter nucleus. For r < r1 the Coulomb potential is dominated by the strong nuclear force.

V(r) = ZαZd e2

4πε0r
, with r > r1 , (1.30)

where Zα and Zd refer to the atomic number of the alpha particle and daughter nucleus,
respectively, e is the elementary charge, and ε0 is the electric permittivity of free space.
The alpha decay constant can be expressed by the equation [61]

λ = ωT , (1.31)

where ω is the frequency at which the alpha particle hits the barrier (or the α particle
formation rate) and T is the probability of transmission through the barrier. Similar
to the inversion of the ammonia molecule, the application of the WKB approximation
results in

T = e−2G , (1.32)

where the Gamow factor, G, is given by

G = 1
ħ ∫

r2

r1

√
2μred [V(r) − Qα]dr and μred = MαMd

Mα +Md
, (1.33)

with Mα and Md the mass of the alpha particle and daughter nucleus, respectively.
From Fig 1.10 and Eq. (1.30) it is easily seen that

Qα = ZαZd e2

4πε0r2
. (1.34)

Eq. (1.33) can now be written as

G = 2
ħ

√
2μredQα

r2
∫ x1

x0

√
1 − x2dx , with x = √

r/r2 . (1.35)
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Table 1.1: Comparison between the logarithm of the observed [55] and calculated decay con-
stants of selected isotopes. Sensitivity coefficient are listed in the last column. The calculated
values of the decay constant can differ up to several orders of magnitude from the experimental
ones, although the general trend is reproduced qualitatively.

Isotope ln λ′obs ln λ′calc Kμ

210Bi −13.3 −6.2 −26.4
211Bi −5.2 1.0 −22.8
212Bi −8.6 −3.9 −25.3
213Bi −8.3 −7.2 −27.0
214Bi −7.5 −10.0 −28.3
210Po −16.7 −13.8 −30.2
211Po 0.3 6.6 −20.0
212Po 14.7 15.1 −15.8
213Po 12.1 12.8 −17.0
214Po 8.3 8.7 −19.0
215Po 6.0 6.3 −20.2
216Po 1.6 1.6 −22.6
218Po −5.6 −5.6 −26.1
215At 8.8 9.8 −18.4
217At 3.1 1.4 −22.7
218At −0.8 0.4 −23.2
219At −4.4 −5.0 −25.9
220Rn −4.4 −4.8 −25.7

Isotope ln λ′obs ln λ′calc Kμ

222Rn −13.1 −13.4 −30.0
221Fr −6.0 −6.8 −26.7
223Ra −14.2 −11.1 −28.9
224Ra −13.0 −13.2 −30.0
226Ra −25.0 −25.3 −36.0
225Ac −14.0 −12.6 −29.7
227Ac −20.7 −24.0 −35.3
227Th −14.7 −11.3 −29.0
228Th −18.3 −18.6 −32.7
229Th −26.5 −23.3 −35.0
230Th −28.9 −29.3 −38.0
232Th −41.0 −41.6 −44.2
231Pa −28.0 −24.7 −35.7
233U −29.6 −29.5 −38.1
234U −30.0 −30.3 −38.5
235U −38.0 −33.0 −39.9
238U −39.9 −40.5 −43.6
237Np −32.2 −29.8 −38.3

By substituting x = cos θ, the integral can be solved analytically, and after integrating
from r1 to r2 we obtain [61]

G = r2

ħ
√

2μredQα

⎡⎢⎢⎢⎣arccos
√

r1

r2
−√

r1

r2
(1 − r1

r2
)⎤⎥⎥⎥⎦ , (1.36)

The distance r1 can be estimated by assuming that the influence of the strong nuclear
force stops abruptly when the alpha particle and daughter nucleus are just touching
each other, thus r1 is the sum of their radii

r1 = r0 (A1/3
α + A1/3

d ) , with r0 = 1.2249 fm. (1.37)

The relation between the number of emitted alpha particles in one second, λ′, and
the energy Qα (MeV) can be expressed by the following equation, where we have used
ω = 1.94 × 1020 Hz [61]

ln λ′ = 46.7121 − 1.2599 × (Z − 2)√ μred

Qα
[arccos

√
X −√

X(1 − X)] , (1.38)

with
X = 0.3472 × r1Qα

Z − 2
. (1.39)

The decay constants for the various alpha emitters that follow from this equation are
listed in Table 1.1, together with the experimental values from Ref. [55]. As can be seen
from the table, the calculated values can be several orders of magnitude off from the
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observed ones. This should not come as a surprise since the Gamow theory of alpha
decay is a rather crude model that assumes spherical nuclei and ignores effects due to
nuclear angular momentum. Nevertheless, it is able to describe the observed features
qualitatively and explains the dependencies of the Geiger-Nuttall law.

For thick barriers r1/r2 ≪ 1 and the part of Eq. (1.36) between the square brackets
can be replaced by the first terms of its Taylor series, i.e., π/2 − 2

√
r1/r2. After taking

the logarithm and rearranging terms, the functional form of the Geiger-Nuttall law is
retrieved.

The range of nuclear half-lives spans more than twenty orders of magnitude while
the reduced mass of the alpha particle and daughter nucleus varies only slightly. This
drastic dependence suggest naively that the half-lives of alpha emitters are extremely
sensitive to a possible variation of μ. It is therefore interesting to derive a sensitivity
coefficient for the process of alpha decay. In principle, the reduced mass and nuclear
potential both depend on the strong nuclear force αs and, as a consequence, so do the
half-lives of the nucleides. As a rough approximation, we assume that if αs changes, the
effect due to the change in the reduced mass is much larger than the effect due to the
change in the nuclear potential. In this case, the sensitivity coefficient Kμ is defined via

Δλ
λ

= Kμ
Δμ
μ

, (1.40)

which results in the following expression for Kμ

Kμ = −0.6299 × (Z − 2)√ μred

Qα
[arccos

√
X −√

X(1 − X)] . (1.41)

Calculated sensitivity coefficients for several isotopes are listed in Table 1.1. These
values should be treated with caution, but in general cover a range from Kμ = −15 to−45. Although these numbers are quite large, any shift due to a variation of μ, will
be hidden by the uncertainties in the measurement of the nuclear half-lives that are
typically determined with relative accuracies of 10−5 − 10−1 [62].

1.5 Radioastronomical observations of MeOH

The discussion in the previous section was focused mainly on high-precision laboratory
experiments to probe a possible variation of μ. However, a search for a drift of μ on
a cosmological time scale has also been made operational by comparing observations
of spectral lines of the hydrogen molecule in distant galaxies with accurate laboratory
measurements [65]. Although such observations do not provide the well-controlled
environment of the laboratory, a long accumulation time is achieved. Unfortunately,
the sensitivity coefficients of the molecular hydrogen lines [66] are more than an order
of magnitude smaller than pure rotational lines. This has stimulated interest in astro-
physical observations of inversion transitions of ammonia at high redshift, which led
to stringent constraints on μ variation [67, 68] at a redshift z < 1.
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Figure 1.11: Methanol absorption lines on a Local Standard of Rest velocity scale relative to
z=0.88582, observed towards PKS1830-211. The transitions and their approximate observed
frequencies and sensitivity coefficients are indicated in each panel. For each spectrum the
position of a fitted Gaussian is shown in the graph at the right. Residuals are shown at the top of
each combined spectrum with dashed lines indicating ±1σ offsets. The black square (upper right
panel) and the black diamond (lower right panel) represent the single line observations from
Ellingsen et al. [63] and Muller et al. [64], respectively.
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In Chapter 5, we present calculated sensitivity coefficients for transitions in metha-
nol. Some of these transitions turn out to be an order of magnitude more sensitive than
the inversion lines of ammonia. This is not only important for laboratory searches of μ
variation, but also for astrophysical searches, since methanol is abundantly present in
the Universe and more than a 1000 lines have been recorded in our local Galaxy [69]. So
far, searches for methanol absorption in far-distant galaxies have yielded detection in
the gravitational lens system PKS1830-211 [64] only. We have used the 100 m Effelsberg
radio telescope to observe four methanol lines in this system. The redshift of the main
molecular absorptions from the galaxy is z = 0.88582 [64, 70] corresponding to a look-
back time of 7.0 billion years, or about half the age of the Universe. A complete analysis
of the observed lines is beyond the scope of this thesis and here the main results are
summarized only.

The recorded spectra are shown in Fig. 1.11. For a single transition, the spectra taken
on various days were averaged together, weighting the individual scans by their inte-
gration time. The lines were calibrated by the total continuum so that their strength is
expressed as line-to-continuum flux density ratio. The profiles, devoid from underlying
structure, were fitted as a single Gaussian.

The velocities between different transitions relative to z = 0.88582 are interrelated
via

V
c

= −Kμ
Δμ
μ

, (1.42)

where c is the speed of light and Δμ/μ represents the deviation from the current labo-
ratory value of μ, defined so that a positive sign indicates a larger μ in the high-redshift
absorbing galaxy (i.e. Δμ = μz − μlab). Therefore, to determine the fractional change
in μ, the peak positions of the four transitions are plotted in Fig. 1.12 (in V/c) versus
Kμ , and a (dashed) line is fitted to the data. However, as we will see in Chapter 5, the
four lines belong to two different symmetry species of methanol (A and E), which can
be treated as two separate species. Therefore, the data were analyzed in two different
ways: first, only the three transitions from E levels were fitted, while in the second
stage also the A transition was added to the sample. The analysis of the E transitions
results in Δμ/μ = (−0.1 ± 7.6) × 10−8, which is consistent with a non-varying μ at
the level of 1.5 × 10−7 (95 % confidence level). The reduced chi-squared, χ2

ν , which is
a measure of the quality of the fit, is ∼2.0. The fit on all four transitions has a much
larger χ2

ν of 6.4, which might be attributed to segregation issues, and it delivers Δμ/μ =(11.0 ± 6.8) × 10−8.
We have investigated the variability of the source as a possible systematic effect

and have derived a conservative systematic uncertainty of Δμ/μ of 7.0 × 10−8. Thus,
we obtain a limit on varying μ to be Δμ/μ = (Ű0.1 ± 7.6stat ± 7.0sys) × 10−8 or, if
the statistical and systematic uncertainties are added in quadrature, a limit of Δμ/μ =(0.0± 1.0)× 10−7. The Δμ/μ constraint provided here is an improvement over previous
tests in the radio-domain [63, 64, 67, 68, 71].

While the present study yields an upper limit to Δμ/μ, which is statistically more
constraining than previous studies, the methanol method is ground-breaking for its
robustness against systematic effects. In particular, the methanol method is much
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Figure 1.12: The positions of the four observed methanol lines versus their sensitivity coeffi-
cients. The bold straight line represents the fiducial result of a fit to the E type lines, while the
dashed line represents a fit to all four lines. The shaded surface is a density plot of simulated data
points from the bold fitted line and reflects the confidence bands of the fit.

less sensitive to the assumption that all absorbing species reside in the same physical
location and hence are at the same redshift.

1.6 Outline of this thesis

The contents of this thesis can roughly be divided into two parts; the first part consists
of Chapters 2 to 4, while the second part consists of Chapters 5 to 7. In Chapter 2, the
initial design of a molecular fountain based on a Stark-decelerated molecular beam is
presented. Unfortunately, our first attempt to detect molecules that fall back under
gravity failed and possible explanations for this are given in Chapter. 2 as well. In
Chapters 3 and 4 we describe two changes that we have made to the setup, which
hopefully will result in the detection of molecules falling back under gravity.

In this chapter, the methanol molecule was already mentioned a few times. A de-
tailed discussion of methanol and the calculation of sensitivity coefficients to a variation
of μ for selected transitions is presented in Chapter 5. Methanol is a representative of a
class of molecules that undergo hindered internal rotation, a large-amplitude motion
that is classically forbidden and shows great similarity with the inversion motion of
the ammonia molecule. The concepts introduced in Chapter 5 will be generalized in
Chapter 6 and applied to other molecules that exhibit hindered internal rotation. A
simple model is derived that provides insight in the physics involved and aides in the
identification of other internal-rotor molecules that possibly possess large Kμ coeffi-
cients. Methylamine (CH3NH2) represents a more complex class of molecules and will
be discussed in Chapter 7.


